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Scattering amplitudes at loop level can be reduced to a basis of linearly independent Feynman
integrals. The integral coefficients are extracted from generalized unitarity cuts which define alge-
braic varieties. The topology of an algebraic variety characterizes the difficulty of applying maximal
cuts. In this work, we analyze a novel class of integrals whose maximal cuts give rise to an alge-
braic variety with irrational irreducible components. As a phenomenologically relevant example we
examine the two-loop planar double-box contribution with internal massive lines. We derive unique
projectors for all four master integrals in terms of multivariate residues along with Weierstrass’
elliptic functions. We also show how to generate the leading-topology part of otherwise infeasible
integration-by-parts identities analytically from exact meromorphic differential forms.
Modern perturbative scattering amplitudes in gauge
theories such as QCD are calculated from general princi-
ples of analyticity and unitarity without inspecting Feyn-
man diagrams. By virtue of analyticity, amplitudes are
reconstructed from their singularity structure, while uni-
tarity ensures that residues factorize onto simpler ob-
jects. Starting from complex internal momenta and
three-point amplitudes whose form is entirely fixed by
field theory arguments, all trees are generated recursively
[1, 2] and then recycled for loops via unitarity cuts [3–6].
At the one-loop level, all amplitude contributions can
be extracted directly from a small set of generalized uni-
tarity cuts [7–9]. The computation is fully automated
and has led to numerous precise predictions for collider
physics. In the past few years, steps toward an analogous
framework at two loops known as maximal unitarity have
been reported; see refs. [10, 11] and subsequent general-
izations [12–17]. Parallel developments at the level of the
integrand can be found in e.g. refs. [21–24].
The increase of complexity at two loops requires a so-
phisticated approach. Previous works [10–20] lend cre-
dence to the belief of surmounting the problem by un-
derstanding the underlying algebraic and differential ge-
ometry of scattering amplitudes. The topology of the
algebraic varieties associated with the maximal cuts ex-
amined so far has been that of degenerate elliptic and
hyperelliptic curves of which the irreducible components
are rationally parametrized Riemann spheres. The only
algebraic curve at one loop is a conic section from the tri-
angle diagram. In advanced problems such as maximal
cuts in D = 4−2 dimensions and massive internal parti-
cles, the irreducible components have nonzero genus, and
it has been an open problem for years to deal with this
class of integrals. In this paper, we present an analytic
solution for genus-1 maximal cuts, based on Weierstrass’
elliptic functions. Our method is used to predict new
partial results for two-loop scattering with massive prop-
agators.
The first step of multiloop amplitude calculations is
to employ integrand-level reductions and integration-by-
parts (IBP) relations to obtain a minimal basis of Feyn-
man integrals {Ik}. The amplitude can thus be written
AL-loopn =
∑
k∈Basis
ckIk + rational terms , (1)
and the cks are rational functions. The integrals are com-
puted in dimensional regularization once and for all.
The coefficients are extracted by applying generalized
unitarity cuts [7–9]. This operation is advantageous, be-
cause a loop-level amplitude may be broken into trees,∑
k∈Basis
ckIk
∣∣
cut
=
∑
states
Atree(1) A
tree
(2) · · ·Atree(m) . (2)
As factorization for general amplitude contributions is
achievable only for complex-valued momenta, the refined
unitarity cut prescription involves contour integrals,∫
R
dz δ(z − q) −→ 1
2pii
∮
C(q)
dz
z − q , (3)
rather than delta functions. Here, C(q) is a small circle
centered at q ∈ C. In the multidimensional case, the
integration contour Γ is an n-torus, and the integrand is
a differential form,
ω(z) =
h(z)dz1 ∧ · · · ∧ dzn
f1(z) · · · fn(z) . (4)
Let ξ ∈ Cn be an isolated zero of f = (f1, . . . , fn). The
multivariate residue of ω at the pole ξ is said to be non-
degenerate if J(ξ) = deti,j f.i/z.j |ξ 6= 0. Explicitly,
(2pii)n Res {f1,...,fn},ξ(ω) =
∮
Γ
ω(z) = h(ξ)/J(ξ) . (5)
For the degenerate case, see e.g. refs. [15–17].
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2To ensure consistency of maximal cuts, it is necessary
to take appropriate linear combinations of residues to
project out spurious terms which integrate to zero on
the real slice [10]. The sources of spurious terms are
parity-odd Levi-Civita contractions and parity-even IBP
reductions. Accordingly, we demand that
I1 = I2 =⇒ I1
∣∣
cut
= I2
∣∣
cut
, (6)
which imposes constraints on the weights. Resolving the
constraints uniquely and deriving the master integral co-
efficients is the essential task in maximal unitarity.
The principal mathematical prerequisite for the re-
mainder of this paper is the theory of elliptic curves; see
e.g. refs. [25, 26]. We will study nondegenerate elliptic
curves over the field of complex numbers, governed by
the Weierstrass equation,
y2 = 4x3 − g2x− g3 , g32 − 27g23 6= 0 , (7)
where g2, g3 are called the Weierstrass invariants. The
elliptic curve (7) is topologically equivalent to a torus
in CP1 that is naturally parametrized by Weierstrass’ ℘-
function and its first derivative. Indeed,
℘′(z; g2, g3)2 = 4℘(z; g2, g3)3 − g2℘(z; g2, g3)− g3 , (8)
is precisely of the form (7). The Weierstrass ℘-function
is fixed once either g2, g3 or the half-periods ω1, ω2 are
specified. For compactness we will just write ℘(z). An
essential property of the Weierstrass ℘-function is the
addition law,
℘(z) + ℘(w) + ℘(z + w) =
1
4
(
℘′(z)− ℘′(w)
℘(z)− ℘(w)
)2
. (9)
Below we will frequently encounter the function
ϕ(z, w) :=
1
2
℘′(z)− ℘′(w)
℘(z)− ℘(w) . (10)
It is expressible in terms of the Weierstrass ζ-function,
ϕ(z, w) = ζ(z + w)− ζ(z)− ζ(w) . (11)
Moreover, since ζ ′(z) = −℘(z),
d
dz
ϕ(z, w) = ℘(z)− ℘(z + w) . (12)
Finally, we introduce the Weierstrass σ-function. It is
defined through a logarithmic derivative,
d
dz
log σ(z) = ζ(z) , (13)
and obeys the periodicity relation,
σ(z + 2ωk) = −e2ηk(z+ωk)σ(z) , ηk := ζ(ωk) . (14)
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Figure 1. The planar double box.
Our primary example is the planar double-box integral
with internal masses depicted in fig. 1. Without loss of
the main features, we assume that external and internal
lines are massless and massive, respectively. The outer-
edge propagators carry mass m1, while the particle in the
middle rung has mass m2. The corresponding Feynman
integral is denoted I and can easily be read off.
It is convenient to parametrize loop-momenta `1, `2 as
`µ1 = α1k
µ
1 + α2k
µ
2 + α3
s
2
〈1|γµ|2]
〈1 4〉[4 2] + α4
s
2
〈2|γµ|1]
〈2 4〉[4 1] ,
`µ2 = β1k
µ
3 + β2k
µ
4 + β3
s
2
〈3|γµ|4]
〈3 1〉[1 4] + β4
s
2
〈4|γµ|3]
〈4 1〉[1 3] .
(15)
Simplifying the on-shell equations p21 = · · · = p26 = m21
yields α1 = β2 = 1, α2 = β1 = 0, α3α4 = m
2
1t(s + t)/s
3
and β3β4 = m
2
1t(s+t)/s
3. The remaining cut equation is
quadratic in two variables, say, α4 and β4. The solution
is of the form β4 =
(
A(α4) +
√
∆(α4)
)
/B(α4).
The nondegenerate multivariate residue associated
with the hepta-cut of I easily follows from eq. (5),
I|7−cut ∝
∮
dα4√
∆
, (16)
and the constant of proportionality is not important for
the argument. The radicand ∆ is a quartic polynomial,
∆ = q0(α4 − q)4 + 6q2(α4 − q)2 + 4q3(α4 − q) + q4 ,
(17)
for qis which are rational functions of kinematic invari-
ants. The constant q = (m22/(s−4m21)−t/s)/2 is designed
to remove the cubic term.
Generically, the four roots of ∆ are distinct, so η2 = ∆
defines an elliptic curve. The structure of the roots is
complicated, but it is not necessary to solve for them
explicitly. The elliptic curve is birationally equivalent to
the Weierstrass form (7), with the Weierstrass invariants,
g2 = (3q
2
2 + q0q4)/q
2
0 , g3 = (q0q2q4 − q0q23 − q32)/q30 .
(18)
3Via this birational transformation, the Weierstrass
parametrization is found to be of the form,
η(z) =
√
q0(℘(z)− ℘(z + u)) , α4(z) = ϕ(z, u) + q ,
(19)
where u is the unique constant such that ℘(u; g2, g3) =
−q2/q0 and ℘′(u; g2, g3) = q3/q0. Invoking eq. (12),
d
dz
α4(z) =
1√
q0
η(z) =⇒ I[1]∣∣
7−cut ∝
∮
dz . (20)
Remarkably, all branch cuts are removed.
The half-periods of the torus associated with the ellip-
tic curve are ω1, ω2. For real m1,m2, s12, s14 we choose
ω1 to be purely imaginary (with negative imaginary part)
and ω2 to be real and positive. The fundamental cycles
A and B are depicted in fig. 2. We trivially find∮
A
dz = 2ω1 ,
∮
B
dz = 2ω2 , (21)
and the scalar integrand has no poles. Evaluated on the
hepta-cut, a generic double-box numerator insertion is
a polynomial in α3(z), α4(z), β3(z), β4(z). Let us exam-
ine the α4(z) insertion. The Weierstrass ζ-functions in
eq. (11) can be integrated using eqs. (13) and (14), yield-
ing ∮
A
dzα4(z) = 2qω1 +
∮
A
dz
1
2
℘′(z)− ℘′(u)
℘(z)− ℘(u)
= 2qω1 + 2(uη1 − ω1ζ(u)) , (22)
and likewise for the B cycle. The poles of α4(z) on the
z-torus are z1 := 0 and z2 := −u. By Laurent expansion,∮
C1
dzα4(z) = −2pii ,
∮
C2
dzα4(z) = +2pii , (23)
where Ci is a cycle around zi. These residues sum to zero
by the Global Residue Theorem (GRT). The two poles
of α3(z), i.e. the two zeros of α4(z), are located at z3 :=
z1 + ω1 + ω2 and z4 := z2 + ω1 + ω2. From the theory of
elliptic functions, α3(z) = α4(z−ω1−ω2), so α3(z) is just
a shift of α4(z). The shift leaves the fundamental cycle
integrations invariant, and the residues are also ±2pii.
This analysis extends seamlessly to linear insertions of
β4(z) and β3(z). The two poles of β4(z) are denoted
by z5 and z6, and a short calculation reveals that z6 =
z5 + z2 and β4(z) = α4(z − z5). An expression for z5
can be found from the Weierstrass parametrization of
β4(z). Similarly, β3(z) = α4(z − z7) and the poles are
z7 = z5 + ω1 + ω2 and z8 = z6 + ω1 + ω2. We denote the
set of numerator poles as S = {z1, . . . , z8}. In summary,
there are two fundamental cycles A,B and eight residue
z1 z2
z3 z4z5 z6
z7 z8
2ω1
2ω2 4ω2
A
B
z1 z2
z3 z4z5 z6
z7 z8
2ω1
2ω2 4ω2
Figure 2. The distribution of and relations among the eight
poles (z1, . . . , z8) in the underlying lattice of the elliptic func-
tions. It can be seen that z2i = z2i−1 +z2 for i = 1, 2, 3, 4 and
zi+2 = zi + ω1 + ω2 for i = 1, 2, 5, 6.
cycles C1, . . . , C8 on the torus. Schematically,
I0,0,0,0 → (2ω1, 2ω2, 0, 0, 0, 0, 0, 0, 0, 0) , (24)
I0,1,0,0 → (A0,1,0,0,B0,1,0,0,−2pii, 2pii, 0, 0, 0, 0, 0, 0) ,
I1,0,0,0 → (A1,0,0,0,B1,0,0,0, 0, 0,−2pii, 2pii, 0, 0, 0, 0) ,
I0,0,0,1 → (A0,0,0,1,B0,0,0,1, 0, 0, 0, 0,−2pii, 2pii, 0, 0) ,
I0,0,1,0 → (A0,0,1,0,B0,0,1,0, 0, 0, 0, 0, 0, 0,−2pii, 2pii) ,
with Ia,b,c,d := I[α
a
3α
b
4β
c
3β
d
4 ] and
A1,0,0,0 = · · · = A0,0,0,1 = 2qω1 + 2(uη1 − ω1ζ(u)) ,
B1,0,0,0 = · · · = B0,0,0,1 = 2qω2 + 2(uη2 − ω2ζ(u)) .
(25)
Note that η1ω2 − η2ω1 = ipi/2. The surprisingly simple
structure of the locus of poles is demonstrated in fig. 2.
The weights associated with the fundamental cycles
and the eight residues are collected into a vector Ω,
Ω = (ΩA,ΩB,Ω1, . . . ,Ω8)T . (26)
We rewrite the remaining arbitrary one-dimensional in-
tegration contour in an overcomplete basis of the first
homology group of the z-torus with poles excluded,
I[Φ] −→ ΩA
∮
A
dzΦ(z) + ΩB
∮
B
dzΦ(z)
+ 2pii
8∑
j=1
Ωj Resz=zj Φ(z) , (27)
for a priori undetermined weights. The GRT implies that
only seven of the residues are independent.
The double-box topology with internal masses m1,m2
has four master integrals, as can be verified from IBP
identities generated by public computer codes. The mas-
ters are typically chosen to be of the form Im,n :=
4I[(`1·k4)m(`2·k1)n]. However, in practice it proves advan-
tageous to adopt master integrals with chiral numerator
insertions, for example,
(I1, . . . , I4) = (I0,0,0,0, I0,1,0,0, I0,2,0,0, I0,1,1,0) . (28)
Remarkably, there are five linearly independent con-
straints, leaving space for precisely four master integral
projectors. The constraints can be cast as a matrix equa-
tion, MΩ = 0, for a coefficient matrix M whose entries
are simply integers,
M =

1 −1 0 0 0 0 0 2 0 −2
0 0 1 0 0 −1 0 1 −1 0
0 0 0 1 0 −1 0 1 0 −1
0 0 0 0 1 −1 0 0 −1 1
0 0 0 0 0 0 1 −1 −1 1
 . (29)
The origin of four of the constraints is conjugation sym-
metry, i.e. Levi-Civita insertions which integrate to zero,
whereas the last constraint reflects left-right symmetry
of the double-box diagram. All constraints from IBP
reduction are automatically satisfied. The rank-2 cut ex-
pressions in eq. (28) are of the form,
I0,2,0,0 → (A0,2,0,0,B0,2,0,0,−4piiq, 4piiq, 0, 0, 0, 0, 0, 0) ,
I0,1,1,0 → (A0,1,1,0,B0,1,1,0, r+, r−, 0, 0, 0, 0,−r−,−r+) ,
(30)
where r± are simple functions of external invariants and
A0,2,0,0 and B0,2,0,0 are easy to derive using eq. (9). The
analytic results for A0,1,1,0 and B0,1,1,0 are a bit more
complicated.
LetMi denote the projector which extracts Ii and nor-
malizes its cut expression, respecting all constraints. The
projectors can be written compactly as solutions to in-
homogeneous matrix equations. Therefore we construct
the 10× 10 matrix,
F =
(
M G I1 I2 I3 I4
)T ∣∣
cut
(31)
where transposition is with respect to the six blocks and
G = (0, 0, 0, 0, 0, 0, 0, 0, 0, 1) implements the GRT. F has
full rank and all four projectors are thus unique. Defining(
δ1 δ2 δ3 δ4
)
=
(
06×4
14×4
)
, (32)
we arrive at the result, Mi = F−1δi. Our final formula
for the master integral coefficients is
ci = Ω
(i)
A
∮
A
dz
6∏
k=1
Atree(k) (z) + Ω
(i)
B
∮
B
dz
6∏
k=1
Atree(k) (z)
+ 2pii
8∑
j=1
Ω
(i)
j Resz=zj
6∏
k=1
Atree(k) (z) . (33)
Note that the products of tree-level amplitudes are im-
plicitly summed over all internal on-shell states in the
theory.
An amazing property we developed is the relation
between exact meromorphic differential forms and IBP
identities. Let F be an elliptic function with poles inside
S, so dF = fdz is an exact 1-form on T2 \ S. By Stokes’
theorem,
∮
A,B dF =
∮
Ci dF = 0. So from eq. (27),
I[f ] = 0 + · · · (34)
is an IBP identity. Here, · · · stands for integrals with
fewer than seven propagators. Using the properties of
Weierstrass’ functions,
d(f1(α4)η) =
f ′1(α4)∆ +
1
2f1(α4)∆
′(α4)√
q0
dz , (35)
d(f2(α4)) =
f ′2(α4)(B(α4)β4 −A(α4))√
q0
dz , (36)
for arbitrary polynomials f1, f2. Hence, we get the IBPs,
I[f ′1(α4)∆ +
1
2f1(α4)∆
′(α4)] = · · · , (37)
I[f ′2(α4)(B(α4)β4 −A(α4))] = · · · . (38)
For example taking f2(α4) = α4, the IBP
m21t
2(s+ t)I0,0,0,0 + 2s
4I0,2,0,1 + s
3tI0,2,0,0 + 2s
3tI0,1,0,1
+s2t(2m21 −m22 + t)I0,1,0,0 + 2m21st2I0,0,0,1 = · · · (39)
is obtained. It is verified that eqs. (37) and (38) and
similar relations with respect to the flip symmetry gen-
erate all IBP identities without doubled propagators for
the massive double-box diagram. We expect that this re-
lation between meromorphic exact forms and IBP iden-
tities would hold for other two-loop diagrams and lead
to an extremely efficient algorithm for generating IBPs
analytically.
We remark that one is not obliged to work in the Weier-
strass standard form. Indeed, Weierstrass’ elliptic func-
tions are equivalent to the Jacobi elliptic functions. The
fundamental parameter of our torus, τ = ω2/ω1, is re-
lated to the elliptic modulus k via the j-invariant.
The calculations presented here yield a highly nontriv-
ial addition to the body of evidence of the uniqueness
conjecture of two-loop master integral projectors. In par-
ticular, our work continues to suggest a very intimate
connection between the structure of maximal unitarity
cuts and algebraic geometry and multivariate complex
analysis. This paper gives rise to a host of new excit-
ing directions in multiloop unitarity. The obvious ex-
tension is to formalize maximal cuts of double-box inte-
grals in D dimensions. We expect this can be done by
analytic continuation. Our method presumably applies
directly to the purely massless double-box contribution
to ten-gluon scattering [11]. It would be very interesting
to understand the structure of maximal cuts which de-
fine hyperelliptic curves, for example from the nonplanar
double box, and more generally, topologically nontrivial
5surfaces. We are also intrigued by investigating the re-
lation between maximal cuts and evaluation of master
integrals. These problems provide avenues for discover-
ing further relations between scattering amplitudes and
areas of mathematics.
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